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Abstract
Both the Wilkinson Microwave Anisotropy Probe (WMAP) and Planck observations reported the hemi-
spherical asymmetry of the cosmic microwave background (CMB) temperature fluctuation. The hemispher-
ical asymmetry might be stemmed from the primordial statistical anisotropy during the inflationary era of
the universe. In this paper, we study possible implications of the primordial power spectra with dipolar
anisotropy on the CMB temperature fluctuation and polarizations. We explicitly show that the statistical
dipolar anisotropy may induce the off-diagonal (ℓ′ 6= ℓ) TT , EE, BB, and TE correlations, as well as
the diagonal (ℓ′ = ℓ) TB and EB spectra. In particular, these correlation coefficients are expected to be
m-dependent generically. These signals of statistical anisotropy might be tested by CMB observations in
future.
a E-mail: changz@ihep.ac.cn
b E-mail: wangsai@ihep.ac.cn
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I. INTRODUCTION
Based on the Wilkinson Microwave Anisotropy Probe (WMAP) first-year data [1], it was found
that the angular power spectrum of the cosmic microwave background (CMB) seems not to be
isotropic at different positions on the celestial sphere [2–4]. The CMB power spectrum for one
hemisphere was larger than that for the opposite hemisphere at large angular scales with multipoles
ℓ ≤ 40. Recently, the similar results were also shown by the WMAP nine-year data [5] and the
Planck 2013 result [6]. It was found that the directions for the hemispherical asymmetry are close
to each other for the WMAP-9 and Planck datasets. The anisotropic amplitudes were also found
to be around A ≃ 0.07 for both observations. Thus, the results of WMAP and Planck observations
seem to be compatible with each other. This might imply certain cosmic origin for the CMB
hemispherical asymmetry.
The CMB hemispherical asymmetry implies that the universe is statistically anisotropic at
large scales. To be specific, the angular power spectrum of CMB temperature fluctuation could
be characterized by a dipolar modulation [7–10]. It is well known that the CMB temperature
fluctuation originates from the primordial perturbations in the very early universe. Thus the
anisotropic power spectrum might imply that the inflationary universe is intrinsically anisotropic.
Related to this, the anisotropic inflation could lead to dipole-modulated power spectra for the
primordial scalar and tensor perturbations [11–32]. Besides the hemispherical asymmetry, these
primordial statistical anisotropy might leave more imprints on the CMB temperature fluctuation
and polarizations.
In the traditional inflation model, the assumption of statistical isotropy guarantees the pre-
diction that different multipole moments are uncorrelated and the CMB power spectra are m-
independent. Thus the power spectra have the diagonal form as 〈aX,ℓma
∗
X′,ℓ′m′〉 = CXX′,ℓδℓℓ′δmm′ ,
where X denotes T , E and B, respectively. In addition, the TB and EB spectra vanish since the
B-mode polarization has opposite parity to the temperature fluctuation and E-mode polarization
[33–36]. In the case of statistical anisotropy, however, the off-diagonal correlations (including TB
and EB correlations) would arise and depend on m-components [37–49]. This reveals that there
is mixing of power between different multipole moments. The diagonal TB and EB spectra could
also appear in condition of the parity breaking. Therefore, the statistical anisotropy together with
its origination could be tested by the off-diagonal correlations (ℓ′ 6= ℓ) and the cross-correlations
between T and B, or E and B. Actually, Liu & Li [50] has found clues that there are abnormal
correlations in the WMAP data. However, their conclusion is not conclusive since they could not
2
determine whether the abnormal correlations originate from the parity violation or the data flaw.
In this paper, we study possible implications of the primordial statistical anisotropy on the CMB
temperature fluctuation and polarizations. For the primordial power spectra with dipole modula-
tion, the CMB angular correlation coefficients are calculated explicitly, including the diagonal and
off-diagonal correlations. Their m-dependence will be shown as well. The mixing of power between
different multipoles would be quantified. The TB and EB spectra would be nonzero. We would
point out certain predicted signals for the anisotropic inflation. The rest of the paper is arranged
as follows. In section II, we calculate the angular correlation coefficients of the CMB temperature
fluctuation and polarizations in the generic case of statistical anisotropy. For the primordial power
spectra with a dipole modulation, their imprints on the CMB physics would be explicitly revealed
in section III . Conclusions and discussions are listed in section IV.
II. CMB CORRELATION COEFFICIENTS: STATISTICAL ANISOTROPY
Generically, the primordial statistical anisotropy could be accounted by the anisotropic power
spectra of initial scalar and tensor perturbations. There is a convenient way to express the primor-
dial power spectra with anisotropy as
〈ζs(k)ζs
′
∗(k′)〉 =
2π2
k3
P ss
′
(k)δ(3)(k− k′) , (1)
where s = 0 denotes the scalar perturbation and s = ±2 denotes the tensor perturbation with
polarization ±2, respectively. In the isotropic inflation model, the above spectra depend only on
the length of k-wavevector, and thus they are blind for spatial directions. However, the statistical
anisotropy induces the direction dependence to the primordial spectra.
The CMB temperature fluctuation and polarizations are usually expanded in terms of the
spherical harmonics, i.e.,
X(pˆ,x0) =
∞∑
ℓ=2
ℓ∑
m=−ℓ
aX,ℓmYℓm(pˆ; eˆ) , (2)
where X denotes T , E and B, respectively. The spherical function Yℓm(pˆ; eˆ) is measured from the
unit vector eˆ. By inversing the above expression, we could obtain the expansion coefficients aX,ℓm
as
aX,ℓm =
∫
dΩpˆX(pˆ,x0)Y
∗
ℓm(pˆ; eˆ) . (3)
In this way, the angular correlation coefficients are given by
〈aX,ℓma
∗
X′,ℓ′m′〉 = CXX′,ℓℓ′,mm′ . (4)
3
They are not diagonal in the case of statistical anisotropy, since aX,ℓm depend on eˆ.
On the other hand, the CMB temperature fluctuation and polarizations are evolved from the
primordial scalar and tensor perturbations ζs=0,±2 generated in the inflation phase of the universe.
Thus the fluctuations X could be expressed as
X(pˆ,x0) =
∫
d3k
(2π)3
∑
ℓ
2∑
s=−2
ζs(k, ηi)Yℓs(pˆ; kˆ)∆X,ℓs(k)e
ik·x0 , (5)
where ∆X,ℓs(k) denote the transfer functions. Here the orientation of spherical harmonics Yℓs(pˆ; kˆ)
is determined by the unit vector kˆ, which is along the propagating direction of initial perturbations.
From Eqs. (1)–(5), the CMB angular correlation coefficients could be obtained as follows
CXX′,ℓℓ′,mm′ =
∫
d ln k
(2π)3
∑
s,s′
∆X,ℓs(k)∆
∗
X′,ℓ′s′(k)P
ss′
ℓℓ′mm′ , (6)
where
P ss
′
ℓℓ′mm′ ≡
∫
dΩ
kˆ
P ss
′
(k)−sY
∗
ℓm(kˆ; eˆ)−s′Yℓ′m′(kˆ; eˆ) , (7)
and an extra factor (2ℓ+ 1)−1/2 has been absorbed into the transfer function ∆X,ℓs(k). Here sYℓm
are the spin-s weighted spherical harmonics and 0Yℓm is just Yℓm [33]. They are used to expand the
Stokes parameters of the CMB temperature fluctuation and polarizations. In the above derivation,
we have used a relation of the form
Yℓs(pˆ; kˆ) =
√
4π
2ℓ+ 1
∑
m
Yℓm(pˆ; eˆ) −sY
∗
ℓm(kˆ; eˆ) . (8)
One could refer to Ref. [37] for a similar derivation of the CMB correlations.
In the isotropic case, the primordial power spectra (1) would be irrelative to the spatial direc-
tions. Thus P ss
′
ℓℓ′mm′ would become diagonal (∝ δℓℓ′δmm′) according to the orthogonality relation
of sYℓm. The correlation coefficients (6) reduce back to the conventional power spectra. In the
anisotropic case, by contrast, the correlation coefficients (6) would be off-diagonal because of the
direction dependence of the primordial spectra (1). In addition, the TB and EB correlations would
also arise. In particular, they could be diagonal only in a special case. In the following section, we
would consider an explicit form of primordial power spectra with dipolar anisotropy which might
be related to the CMB hemispherical asymmetry.
III. CMB CORRELATION COEFFICIENTS: DIPOLAR ANISOTROPY CASE
In the recent work by Chang & Wang [11, 12], we proposed an anisotropic inflation model
to account for the CMB hemispherical asymmetry as well as to relieve the issue of alignment
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between the CMB low-ℓ multipole moments. This inflation model is based on the Randers-Finsler
spacetime [51], where the anisotropy is induced by a 1-form in the Randers structure. Finsler
geometry [52, 53] is a natural framework to deal with the issue of spacetime anisotropy. There are
less symmetries in the Finsler spacetime than those in the Riemann spacetime [54–57]. Thus the
Finsler spacetime is intrinsically anisotropic. In the Randers-inflation model, we explicitly showed
that the primordial power spectrum of scalar perturbation is modulated by a spatial dipole. In
addition, it is compatible with the constraint on the anisotropic amplitude from the distribution
of quasars [58].
In the Randers spacetime, the forward geodesic is different from the backward one. The parity
P is broken. The primordial perturbation with wavevector k would propagate differently from the
one with wavevector −k. Thus the primordial power spectra are given by [11, 12]
P 00,±2±2(k) = P 00,±2±2iso (k)
(
1 +
kc
k
kˆ · nˆ
)
, (9)
where the upper labels 00 and ±2 ± 2 denote the initial scalar and tensor perturbations, respec-
tively. The unit vector nˆ denotes a privileged direction in the cosmic space. The constant kc is a
typical wavenumber which refers to the scale of statistical anisotropy. Here the power spectrum for
primordial tensor perturbation is assumed, while it could be derived via the osculating Riemannian
method [52, 59, 60] in the Randers spacetime. One should note that the primordial power spectra
with dipolar anisotropy are also proposed in other inflation models [13–31].
For the primordial tensor perturbation, we could obtain the CMB correlation coefficients as
follows
CTXX′,ℓℓ′,mm′ =
∫
d ln k
(2π)3
∆X,ℓ2(k)∆
∗
X′,ℓ′2(k)P
±2±2
ℓℓ′mm′ , (10)
where
P±2±2ℓℓ′mm′=
∫
dΩ P±2±2 (−2Y
∗
ℓm −2Yℓ′m′ ± +2Y
∗
ℓm +2Yℓ′m′)
= P±2±2iso δmm′
(
2δℓℓ′ +
√
2ℓ′ + 1
2ℓ+ 1
kc
k
Cℓ
′m
10ℓm
(
Cℓ
′2
10ℓ2 ± C
ℓ′−2
10ℓ−2
))
, (11)
and CℓmLMℓ′m′ is the Clebsch-Gordan coefficient. Here we choose “+” for TT , EE, BB, TE correla-
tions and “−” for TB, EB correlations in the above expression. To get the above results, we have
used the relations ∆ℓ,−2 = ∆ℓ,2 for T and E, and ∆ℓ,−2 = −∆ℓ,2 for B. In addition, there is an
essential relation [37]
∫
dΩ YLM −sY
∗
ℓm −sYℓ′m′ =
√
(2L+ 1)(2ℓ′ + 1)
4π(2ℓ + 1)
CℓmLMℓ′m′C
ℓs
L0ℓ′s , (12)
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which was used at the last step of Eq. (11).
In Eq. (11), the diagonal part (∝ δℓℓ′) corresponds to the statistically isotropic contribution. The
remaining off-diagonal part results from the contribution of statistical anisotropy. From Eqs. (10)
and (11), we know that the correlation coefficients are proportional to δmm′ . The reason is that the
primordial power spectrum is axisymmetric along the privileged axis nˆ for the tensor perturbation
(9). Even so, the correlation coefficients are m-dependent. The reason is that the parity P is
broken along this privileged direction. This could be revealed by the factor Cℓ
′m
10ℓm in Eq. (11). For
different m, it would not always equal to the same value. Similar results could be obtained for the
scalar perturbation as will be discussed below.
For the TT , EE, BB and TE correlations, Eq. (10) would become diagonal unless the condition
ℓ′ = ℓ ± 1 is satisfied. The off-diagonal correlations arise here. Thus there is mixing of power
between two neighbor multipoles. For the TB and EB correlations, by contrast, Eq. (10) would
vanish unless ℓ′ = ℓ. Thus the diagonal TB and EB spectra appear. To calculate Eq. (11), we
have used the symmetry of Clebsch-Gordan coefficient Cℓ
′m′
LMℓm = (−1)
L+ℓ−ℓ′Cℓ
′−m′
L−Mℓ−m. The above
results reveal the cosmic manifestations of parity breaking for the CMB physics. In addition, the
statistically anisotropic contribution is significant for small k only which refers to large scales.
For the primordial scalar perturbation, we calculate the TT , EE, and TE correlation coefficients
as follows
CSXX′,ℓℓ′,mm′ =
∫
d ln k
(2π)3
∆X,ℓ0(k)∆
∗
X′,ℓ′0(k)P
00
ℓℓ′mm′ , (13)
where
P 00ℓℓ′mm′=
∫
dΩ P 00 Y ∗ℓm Yℓ′m′
= P 00isoδmm′
(
δℓℓ′ +
√
2ℓ′ + 1
2ℓ+ 1
kc
k
Cℓ
′m
10ℓmC
ℓ′0
10ℓ0
)
. (14)
Other correlation coefficients would vanish since the scalar perturbation does not generate the
B-mode polarization, namely, ∆ℓ,0 = 0.
Similar to discussions on the tensor perturbation, we could obtain the implications of the scalar
perturbation with statistical anisotropy on the CMB physics as follows. The diagonal part (∝ δℓℓ′)
in Eq. (14) refers to the contribution of statistical isotropy, while the off-diagonal part refers to
that of statistical anisotropy. The Eq. (13) would become diagonal unless the condition ℓ′ = ℓ± 1
is satisfied. Thus there is mixing of power between different multipoles as expected. To be specific,
we depict the contribution of statistical anisotropy to the off-diagonal TT correlation coefficients
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FIG. 1. [Color online] The off-diagonal TT correlation coefficients ℓ(ℓ+1)2π C
S
TT,ℓ(ℓ−1),00 contributed by sta-
tistical anisotropy. The typical parameter kc is chosen as k
−1
c ≃ 14 Gpc and the WMAP-1 data [1] is
used.
ℓ(ℓ+1)
2π C
S
TT,ℓ(ℓ−1),00 in Fig. 1. The WMAP-1 data [1] is used and the typical parameter kc is chosen as
k−1c ≃ 14 Gpc which is related to the last-scattering surface. Here the off-diagonal correlations are
remained between two neighbor multipoles. However, they are decayed with the increase of ℓ. The
reason is that the statistical anisotropy is just significant at large scales for the primordial spectra
(9). One should note that this decay is model dependent. In addition, the correlation coefficients
are proportional to δmm′ for the axisymmetry along the privileged axis nˆ for the scalar spectra (9).
However, they are still m-dependent since there is Cℓ
′m
10ℓm in Eq. (14). To be specific, we depict the
off-diagonal TT correlation ℓ(ℓ+1)2π C
S
TT,ℓ(ℓ−1),(ℓ−1)(ℓ−1) in Fig. 2. Here we still choose k
−1
c ≃ 14 Gpc
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FIG. 2. [Color online] The off-diagonal TT correlation coefficients ℓ(ℓ+1)2π C
S
TT,ℓ(ℓ−1),(ℓ−1)(ℓ−1) demonstrate
the m-dependence of the correlations contributed by the statistical anisotropy. Here the cosmic parameters
are chosen as those in Fig. 1.
and WMAP-1 data. By comparing Fig. 2 with Fig. 1, we could find that the correlation between
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two neighbor multipoles with m = 0 is different from that with m = ℓ− 1. This is a generic result
for the CMB angular correlations arising from the statistical anisotropy.
IV. CONCLUSIONS AND DISCUSSIONS
In this paper, we have studied possible implications of the primordial statistical anisotropy on
the CMB temperature fluctuation and polarizations. In general, the statistical anisotropy could
give rise to the off-diagonal correlations between different multipole moments. These correlations
would be m-dependent. In particular, we explicitly analyzed the cosmological implications of
primordial power spectra with dipolar anisotropy. It was found that there could be diagonal
TB and EB spectra as well as the on/off-diagonal TT , EE, BB and TE correlations. The
diagonal TT , EE, BB and TE spectra arise from the statistically isotropic contribution. By
contrast, their off-diagonal counterparts and the diagonal TB, EB spectra originate from the
statistical anisotropy with a spatial dipole. We depicted in Fig. 1 the off-diagonal TT correlation
coefficients ℓ(ℓ+1)2π C
S
TT,ℓ(ℓ−1),00 to quantify the level of statistical anisotropy, which is of level ∼
0.1 at large scales. Considering the cosmic variance, one should be able to test the statistical
anisotropy at the scales ℓ ∼ 100. In addition, we plotted in Fig. 2 the off-diagonal TT correlation
coefficients ℓ(ℓ+1)2π C
S
TT,ℓ(ℓ−1),(ℓ−1)(ℓ−1) to demonstrate the m-dependence of correlations contributed
by the statistical anisotropy. Our analysis could be generalized to more complex forms of statistical
anisotropy.
We could be able to test the predicted cosmological implications of statistical anisotropy via
the recent/future CMB observations in principle. Note that it is difficult to test the statistical
anisotropy which depends on the spatial scale such as the primordial spectra (9). However, a
recent work presented a way to test the dipolar modulation without the scale dependence [61].
This corresponds to the case that we fix k in (9) as a constant scale. They used the WMAP and
Planck data to study the off-diagonal TT correlations while they found no significant signals for the
dipolar modulation. There are several reasons for their result. One reason refers to that the dipolar
anisotropy has the scale dependence. As was mentioned above, however, it is difficult to deal with
this scale dependence. The other reason is that the anisotropy is not just a dipolar form. This may
relate to even more complex anisotropic models as they have discussed [61]. Another reason is that
the statistical anisotropy is beyond the sensitivity of the WMAP and Planck satellites. Maybe
future CMB observations could give more stringent constraints on the statistical anisotropy of the
universe.
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One may propose that the primordial power spectra (9) cannot be realized [62]. Actually,
this proposition is true just in the framework of Riemann geometry. To be specific, the Fourier
transformation for a real field φ(x) is given by
φ(k) =
∫
d3xφ(x)e−ik·x , (15)
which implies a relation
φ(−k) = φ∗(k) . (16)
Here, k ·x is the Euclidean inner product between three dimensional vectors k and x. Noting that
the power spectrum is the amplitude square of the field φ(k), one obtains
Pφ(k) = Pφ(−k) . (17)
The above equation implies that the parameter kc in (9) must vanish. In this way, the primordial
power spectra in (9) are reduced back to the isotropic case.
In Finsler geometry, nevertheless, the above demonstration is invalid generally. The reason is
that Finsler space gets rid of the quadratic restriction on the spatial interval. Finsler geometry
[52, 53] is a natural framework to deal with the issue of anisotropy. There are less symmetries in
the Finsler space than those in the Riemann space [54–57]. Thus, the Finsler space is intrinsically
anisotropic. The Finsler spatial interval is given by
ds2 = gij(x, dx)dx
idxj . (18)
Related to this, the plane wave in a flat Finsler space could be given by
ψk(x) ∝ e
igmn(k)kmxn , (19)
where ki := dxi/ds is the wavevector. The Finslerian Fourier transformation for the real field φ(x)
is given by
φ(k) =
∫
d3xφ(x)eigmn(k)k
mxn . (20)
In this way, the relation (16) may be no longer held, namely,
φ(−k) 6= φ∗(k) . (21)
The reason is that the Finsler metric gmn(x,k) could change its sign under the transformation
k→ −k, namely,
gmn(x,k) 6= gmn(x,−k) . (22)
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For instance, the Randers metric is given by [51]
ds =
√
a˜mn(x)dxmdxn + b˜m(x)dx
m , (23)
where a˜mn is a Riemann metric and b˜mdx
m is a 1–form. Under the transformation dxi → −dxi,
the Riemannian part is invariant while the 1–form changes its sign. One could check that this
property will result in the consequence (22). Therefore, the primordial power spectra (9) can be
realized in Finsler geometry.
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